Asset returns are predictable, co-move and display asymmetric distributions with fatter tails than the normal distribution. Also, investors attitude towards risk evidences both an asymmetric treatment of losses versus gains as well as a tradeoff between the amplitude and the frequency of such outcomes. Motivated by these facts, we examine the optimal portfolio choice problem of an investor with disappointment aversion utility supported by recent experimental studies, who faces a set of asset returns described by an extended multivariate skew-normal dynamics for which we provide further empirical support. We show that the proposed setup, for which we develop an analytical solution, can explain the key asset allocation puzzle put forward by Canner et al. (1997) and improve our understanding of various forms of equity investing that are common among fund managers.
Introduction

[To be completed]
Asset returns are predictable, co-move and display asymmetric distributions with fatter tails than the normal distribution. In addition, correlations between asset returns conditional to downside and upside moves display an asymmetric pattern. In particular, long-term bonds are negatively correlated with stocks conditionally to down markets, and are positively correlated with stocks conditionally to up markets. Also, correlations between stocks tend to be much greater for downside moves, especially for extreme downside moves, than for upside moves, as studied empirically by Ang and Chen (2002) and Hong et al. (2006) .
The aversion to these correlated downside movements between assets, because they may undermine diversification benefits when the latter are particularly needed, can be modeled through utility theories that emphasize investors aversion to downside risk. Such theories include for example loss aversion demonstrated by Kahneman and Tversky (1979) in their prospect theory of choice, rank-dependent expected utility that emerges from the anticipated utility theory of Quiggin (1982) , and the theory of disappointment aversion of Gul (1991) that has recently been generalized by Routledge and Zin (2010) . These preferences are consistent with the puzzling experimental behaviour observed in the Allais paradox, as well as with the observation that many people both purchase lottery tickets and insure against losses. They then provide a convenient framework for investigating optimal asset allocation when investors place different weights on downside losses and upside gains.
Our focus in this article is on disappointment aversion utility and its generalization, since it is axiomatic, normative and firmly grounded in formal decision theory under uncertainty. In a series of experiments studying decision making under uncertainty of subjects who face a portfolio choice problem or a consumer decision problem, Choi et al. (2007) show that disappointment aversion utility of Gul (1991) provides a good interpretation of the data at the individual level and can account for the highly heterogeneous behaviors observed in the laboratory. Gill and Prowse (2012) also provide experimental evidence that people are disappointment-averse when they compete, responding negatively to their rival's effort. Such a competition that may be observed among portfolio managers as studied for example by Asparouhova et al. (2012) and Basak and Makarov (2013) , is a further motivation of the current article for examining the optimal asset allocation problem of disappointment-averse fund managers.
Our objective in this article is then to investigate the impact of two different types of asymmetries on portfolio choice: asymmetries in asset returns and asymmetries in investor attitude towards risk. The proposed theoretical setup is simple and parsimonious as it operates in a static setting, explicitly ruling out any effect that might otherwise arise from purely dynamical channels.
We model asset log returns with a multivariate extended skew-normal distribution which we show is able to capture key features of stock and bond return data. Our partial equilibrium setting is consistent with the empirical evidence in Choi et al. (2007) and Gill and Prowse (2012) regarding heterogeneity in disappointment aversion among individuals.
Other authors have looked at portfolio choice under disappointment aversion utility. In particular, we relate to Ang et al. (2005) , but differ in two important dimensions. First, we consider generalized disappointment aversion utility where the reference point may deviate from the certainty equivalent, and find that such investors always participate to risky asset markets. Second, we explicitly derive closed-form solution under asymmetric return distributions. Our results then generalize the findings of Ang et al. (2005) in many important dimensions. Several authors also examine portfolio choice under return asymmetries. In particular, we relate Das and Uppal (2004) through the assumed asset return distribution, but differ in that our investor has non-standard preferences and explicitly cares about the downside risk that underlies the asymmetric return distribution. Our results are also consistent with Simaan (1993) .
We use the proposed setup to address the portfolio allocation puzzle put forward by Canner et al. (1997) . Popular financial advisors recommend that more risk-averse investors, who can choose to invest in stocks, bonds and cash only, should allocate a higher fraction of their risky portfolio (stocks plus bonds) to bonds. Canner et al. (1997) point out that this prediction is inconsistent with the standard portfolio choice theory of Sharpe (1964) , Lintner (1965) and Mossin (1966) which implies that all investors should hold the same composition of risky assets, implying a constant bonds/stocks allocation ratio among different type of investors. Canner et al. (1997) explore various possible explanations of this puzzle and find them unsatisfactory. Further possible explanations for this divergence between theory and practice have been put forth. Bajeux-Besnainou et al. (2001) explain the puzzle by assuming that the investor's horizon may exceed the maturity of the cash asset, while Shalit and Yitzhaki (2003) instead use conditional stochastic dominance arguments to illustrate that advisors, acting as agents for numerous clients, recommend portfolios that are not inefficient for all risk averse investors. Campbell and Viceira (2001) also rationalize the popular advice in the context of intertemporal asset allocation models with time-varying expected returns and warn against the dangers of using static portfolio choice theory to study the dynamic problems faced by long-term investors. We show in our static setting that the non-normality of at least one of the asset log returns is a necessary but not sufficient condition for explaining the asset allocation puzzle, and that coupled with the nonstandard generalized disappointment aversion utility of Routledge and Zin (2010) can rationalize portfolio recommendations by popular financial advisors.
Theoretical Setup
We assume that a fund manager, who has generalized disappointment aversion utility of Routledge and Zin (2010) , can allocate available wealth between an arbitrary set of traded assets, composed of k risky securities denoted i = 1, 2, . . . , k and a risk-free asset denoted i = f . Similar to papers such as Ang and Bekaert (2002) , Das and Uppal (2004) , Ang et al. (2005) and Guidolin and Timmermann (2008) , we consider a finite-horizon setup with utility defined over terminal wealth.
This contrasts for example with Campbell et al. (2003) who assume an infinitely-lived investor with recursive preferences of Epstein and Zin (1989) defined over consumption stream. Our proposed mathematical model of asset returns is set in discrete time.
Model of Asset Returns
We postulate that the dynamics of log returns on risky assets are well-captured by a multivariate conditional distribution with extended skew-normal marginal densities. A systematic treatment of scalar and multivariate skew-normal distributions can be found in Azzalini (1985 , 1986 ), Azzalini and Dalla Valle (1996 and Gupta et al. (2004) . Many extensions of these distributions are surveyed by Azzalini (2005) and some applications to risk measurement, asset pricing and capital allocation can be found in Vernic (2006) , Adcock (2010) and Harvey et al. (2010) . To the contrary of these papers, we allow for serial correlation in returns. Formally, log returns on assets may be written
and where the constants φ 0 and φ 1 are k-dimensional vectors, the scalar z 0,t is a skewed shock that is common across all assets and has an independent and identically distributed (IID) standard normal distribution truncated from below at −τ , and the k-dimensional vector u t is a gaussian white noise process, independent of z 0,t , and with covariance matrix Ω u . If φ 1 = 0, then returns are conditionally normal and follow a standard homoscedastic first-order vector autoregressive (VAR)
process. The system (1) can be expanded to include other state variables that are potential return predictors, such as in Barberis (2000) and Campbell et al. (2003) among others, and without altering the tractability of the current setting.
The vector φ 1 contains the sensitivity of asset returns to the common skewed shock z 0,t , and this sensitivity is allowed to vary across assets. The skewness and excess kurtosis of z 0,t are positive for all values of τ , and converge to 2 and 6 respectively as τ approaches −∞. Notice that the truncated normal distribution is closely related to the exponential distribution. By taking the limit as τ approaches −∞ and using the following parameterization, φ 0 = ϕ 0 − ϕ 1 τ 2 and φ 1 = −ϕ 1 τ , the process φ 0 + φ 1 z 0,t converges to ϕ 0 + ϕ 1 e 0,t where e 0,t has an exponential distribution with unitary rate parameter. 1 The exponential distribution is known as suitable for characterizing the occurrence of extreme events, such as large losses/gains, that are unfrequent with a small but significant chance. As shown in Adcock and Shutes (2012) , a large negative τ leads to very similar results, at least in empirical applications. In such a case, assets with large negative sensitivities to the common skewed shock z 0,t are subject to extreme but unfrequent negative returns, while assets with large positive sensitivities are subject to extreme but unfrequent positive returns. The dynamics (1) suggests that the occurrence of such extreme movements is simultaneous across assets, then may be interpretable as a systemic event. In that sense, our discrete-time asset return 1 In this case, the conditional distribution of log asset returns is multivariate normal-exponential. Adcock and Shutes (2012) present expressions for the multivariate normal-exponential and normal-gamma distributions, discuss their properties and demonstrate that there are relationships between the extended skew-normal distribution and the normal-gamma and normal-exponential distributions. Specifically, it is shown that certain limiting cases of the extended skew-normal distribution are normal-gamma and normal-exponential.
dynamics shares the properties of the continuous-time dynamics provided in Das and Uppal (2004) .
Given the one-period dynamics (1), we show in Appendix A.1 that for an investment horizon T ≥ 1, the T -period asset log returns, say between date 0 and date T , may be written
with σ i > 0, where ε 0,T is a common shock that has a standard normal distribution truncated from below at −τ , and the vector of assets' specific shocks ε T = (ε 1,T , ε 2,T , . . . , ε k,T ) is a k-dimensional normal random variable with standardized marginals, independent of ε 0,T , with correlation matrix Ψ. We invite the reader to notice that that all parameters including τ are now functions of the investment horizon T , which we omit for ease of readability [see Appendix A.1 for details].
The vector δ = (δ 1 , δ 2 , . . . , δ k ) contain specific shape parameters of the distribution of asset returns. Their components all belong to the interval (−1, 1). The scalar τ is the common shape parameter that modulates both the amplitude and the frequency of extreme movements in asset prices; it is equal to zero in the original multivariate skew-normal distribution of Azzalini and Dalla Valle (1996) . The parameter Ψ is a correlation matrix that modulates the dependence between asset shocks. The mean m i , the variance ω i , the skewness coefficient s i and the excess kurtosis coefficient κ i of each log return r i,T , i = 1, 2, . . . , k are given by
where the functions ξ j (x) , j = 1, 2, . . . are defined in Appendix A.1. If δ i = 0, then r i,T is normally distributed with mean µ i and variance σ 2 i . In consequence, δ i may be interpretable as a measure of skewness or more precisely a measure of non-normality.
Notice that the third-order moment of r i,T is given by
generally, the jth-order cumulant of r i,T is equal to (σ i δ i ) j ξ j (τ ) for j ≥ 3. It turns out that in the class of random variables defined by equation (2), the quantity (σ i δ i ) fully characterizes the asymmetry in particular, and more generally the non-normality of returns. In consequence, let
denotes the asymmetry operator defined by Asy [r i,T ] = (σ i δ i ). We show that for u ∈ R and v ∈ R k , u + v r T may be expressed in the form of equation (2) (2) that (σ i δ i ) may also be interpretable as the exposure (or covariance) of the asset log return to a market factor whose innovations are driven by the common skewed shock ε 0,T .
Investor Attitude Towards Risk
The fund manager objective at date 0, starting with the initial fund value F 0 , is to maximize the utility of the certainty equivalent of the terminal value F T at date T . Generalized disappointment aversion preferences (GDA) have the desirable property that investors care differently about downside losses than they care about upside gains. Disappointment averse investors are loss averse around an endogenous reference point that is proportional to their certainty equivalent. Following Routledge and Zin (2010) , the utility of the certainty equivalent R (F T ) of the terminal fund value is implicitly defined by
where I (·) is an indicator function that takes the value 1 if the condition is met and 0 otherwise, and where
The parameter α ≥ −1 measures the manager's excess risk aversion over the log investor. The parameters ≥ 0 and κ > 0 are respectively the manager's loss aversion and the percentage of her certainty equivalent such that outcomes below it are considered disappointing.
The coefficient θ ≡ 1 − (κ −α − 1) I (κ > 1) allows to capture both sides of noncentral disappointment, κ < 1 and κ > 1, in a unique setting. If κ < 1, the random future value is considered disappointing if it lies sufficiently below today's certainty equivalent. Alternatively, if κ > 1, the random future value must be sufficiently far above the manager's certainty equivalent to be considered not disappointing. As pointed out by Routledge and Zin (2010) , monotonicity imposes the restriction that θ > 0. When is equal to zero, the manager displays expected utility (EU) preferences, while for > 0, outcomes lower than κR (F T ) receive an extra weight, decreasing the manager's certainty equivalent relative to expected utility. The special case κ = 1 corresponds the original (central) disappointment aversion preferences of Gul (1991) . 2 The terminal fund value may be written
where R F,T is the fund gross return over the investment horizon T . Due to the homogeneity of the utility function (5), the certainty equivalent of the terminal fund value is equal to the initial fund value times the certainty equivalent of the fund gross return:
Ultimately, the manager's objective is simply to maximize the certainty equivalent of the fund gross return R (R F,T ) given by
where we have used the short-hand notation R for R (R F,T ). This is also equivalent to maximizing its logarithm, η ≡ ln R, subject for example to an asset allocation policy.
In Appendix A.2, regardless of asset returns distribution, we show that η is implicitly given by
2 In an intertemporal consumption-based general equilibrium asset pricing model, Routledge and Zin (2010) discuss the value of this parameter in connection with the autocorrelation of consumption growth modeled as a simple two-state Markov chain. In order to generate counter-cyclical risk aversion, they state that a value less than one for κ is needed when there is a negative autocorrelation of consumption growth and a value greater than one when the autocorrelation is positive. The economic mechanism behind this link is the substitution effect.
where
corresponds to the payoff of a European put option on the fund log return r F,T , with strike equal to ln κ + η, its endogenous threshold of disappointment. Equation (9) presumes that the term inside the second log operator in the right-hand side is positive, which is the case indeed. 3
Most importantly, equation (9) shows that the manager's log certainty equivalent is a sum of two components. The first component is the log certainty equivalent corresponding to expected utility with excess risk aversion parameter α, while the second component is non positive by definition, and a decreasing function of the put option payoff. To see the latter, notice that the derivative of the right-hand side of equation (9) with respect to the put option variable is equal to
Notice that the disappointment threshold ln κ + η on the fund log return may also be interpretable as the hurdle rate or minimum acceptable return required by the manager. The disappointment-averse manager thus maximizes the hurdle rate and disappointment occurs when the fund log return is smaller than this hurdle rate. Equation (9) thus shows that relative to expected utility, generalized disappointment aversion utility incorporates a downside risk penalty for achieving a fund return that is smaller than the endogenous hurdle rate. The magnitude of the second component in the right-hand side of equation (9) represents the total cost of downside risk.
As shown, the shortfall between the fund return and the hurdle rate is valued as a European put option on the fund return with strike price equal to the hurdle rate; the total cost of downside risk is a function of that put option while the coefficient c defined in equation (11) may be interpretable as the marginal cost of downside risk.
Asset Allocation and Endogenous Risk Aversion
The second-order Taylor's approximation a la Campbell and Viceira (2002) of the fund log return implies that it may be written
where w is the vector of portfolio weights on risky assets, ι is a vector of ones, the vector ω is the diagonal of the covariance matrix Ω = E (r T − m) (r T − m) and r f is the yield on a T -period zero-coupon risk-free bond. The fund log return then has a mean m F , a variance ω F and an asymmetry a F given by
where a = Asy [r T ] is the vector of assets' return asymmetries. We also show that, similar to individual assets, the fund log return may be written
and where
We show that the solution to the fund manager's optimal asset allocation problem may be written as follows:
where closed-form expressions of the coefficients γ and χ are given in Appendix A.2, and where
The coefficients γ and χ depend explicitly on η as well as on two sets of parameters: the manager's preference parameters α, and κ, and parameters µ F , σ F , δ F and τ of the distribution of the fund log return. This latter set of parameters depends explicitly on the asset allocation chosen by the fund manager. Thus, if η were known, equation (16) implicitly defines both the optimal asset allocation and the coefficients γ and χ, making these coefficients endogenous to the model. However, η is itself a function of the optimal allocation w and hence, equations (16) must be solved simultaneously with equation (9) that defines η. In the appendix, we also provide a closed-form expression of the coefficient c defined in equation (11), measuring the sensitivity of the manager's certainty equivalent to the put option payoff, and interpretable as the marginal cost of downside risk. Similar to the coefficients γ and χ, the marginal cost of downside risk c also depends on the asset allocation chosen by the fund manager, and thus is endogenous to the model.
Interestingly, given the endogenous values of γ and χ, the optimal allocation (16) can also be achieved by solving the following (mean-variance-asymmetry) investment problem:
where m F , ω F and a F are the mean, the variance and the asymmetry of the fund log return given in equation (13). It is then straightforward to interpret the coefficient γ as the effective risk aversion and the coefficient χ as the manager's implicit asymmetry aversion. This result is appealing. In fact, it shows that effective risk aversion is endogenous under disappointment aversion preferences, consistent with the discussion in Routledge and Zin (2010) and Bonomo et al. (2011) in an intertemporal consumption-based general equilibrium model. However, to the contrary of these authors, we explicitly derive the formula of effective risk aversion and can quantify it in our partial equilibrium setting. 4 In particular, the formula of the coefficient γ given in Appendix A.2 shows that if = 0, that is if the fund manager has expected utility preferences, then γ reduces to 1 + α, which is the true measure of risk aversion under expected utility preferences.
3 Empirical Application
Data and Parameter Estimation
In this section, we use the general theoretical framework for optimal portfolio choice described in Section 2 to investigate how investors who differ in their risk aversion and disappointment aversion preferences allocate their portfolios among three assets: stock, bond and cash. For simplicity and to better isolate the impact of the two different forms of asymmetries on portfolio choice, we assume independent and identically distributed (IID) asset log returns, thus Φ z = 0. Our calibration exercise is based on post-war monthly data for the U.S. stock market, from January 1963 to December 2012, obtained from the Center for Research in Security Prices (CRSP). We construct the excess log stock return as the difference between the log return on the stock market index and the log return on the 30-day Treasury bill. Similarly, the excess log bond return is the difference between the log return on the 30-year government bond index and the log return on the 30-day Treasury bill. The constant risk-free rate is the sample average of the log return on Given the constant one-month risk-free rate r f = 0.38% and fixing τ = −4 throughout the paper, Table 1 shows estimation results of excess log return dynamics of the two risky assets, written under the form of equation (2), where the seven one-month model parameters are chosen to minimize the distance between model-implied moments and their sample counterparts, using the generalized method of moments (GMM) with identity weighting matrix. The table displays three different GMM estimation results. First, GMM A is identified and fits the two means, the two volatilities, the correlation and the two skewness, where subscript 1 is used for stock and subscript 2 for bond. Next, GMM B is overidentified, fitting the two coskewness in addition to the seven moments considered in GMM A. Finally, GMM C is similar to GMM A, fitting the same moments but the skewness of bond which is replaced by the coskewness of stock relative to bond. The top panel of the table shows sample moments and fitted moments, while the bottom panel shows model parameter estimates. Notice that for horizons longer than one month, T -month model parameters can be derived from one-month parameters as described in Appendix A.1.
Sample moments reported in Table 1 show that the monthly excess log stock return has a mean of 0.46%, a volatility of 4.26% and a negative skewness of -0.6448, while the monthly excess log bond return has a mean of 0.13%, a volatility of 2.12% and a positive skewness of 0.2019. The monthly correlation between the two risky assets is 0.1046. As shown in the column GMM A, all sample moment estimates are significantly different from zero at conventional levels of confidence, except for the skewness of bond. The same holds in the column GMM B, while in the column GMM C where the skewness of bond is now excluded from the choice of moments compared to GMM B, all seven sample moment estimates are significantly different from zero at conventional levels of confidence, and the model-implied coskewness of bond relative to stock matches well its data counterpart. GMM C is then considered as our preferred parameters configuration, which is subsequently used to calibrate the asset return dynamics.
The proposed multivariate extended skew-normal model of asset returns captures well all key asset return moments, then providing a simple and more reasonable characterization of IID return dynamics. To the contrary, a multivariate normal model of asset returns would assume in particular that the stock skewness and the two coskewness are equal to zero while the data evidence that these higher moments are significantly different from zero at conventional levels of confidence. To further explore the ability of the multivariate extended skew-normal model in matching key features of the asset return data, we use the GMM parameter estimates in Table   1 to compute via simulations the model-implied correlation between bond and stock conditional to stock falling below a given quantile of its distribution, as well as stock expected shortfall at a given quantile of stock distribution. These two quantities are plotted in Figure 2 , in Panel A
and Panel B respectively, together with their data counterpart and their analogue computed from the normal distribution. Figure 2 confirms that the multivariate extended skew-normal model fits these features of the data far better than the multivariate normal model, and that the GMM C fit is the closest to the data, corroborating our choice of this parameters scenario for the calibration assessment of our portfolio choice problem carried out in subsequent sections.
Model Calibration and Results
We use GMM C parameters scenario to compute optimal portfolio rules for two different values of We have shown in Section 2.3 that the optimal portfolio is invested in two risky funds plus cash.
The two risky funds, invested in stock and bond, are the mean-variance efficient fund w MV and the asymmetry-variance efficient fund w AV . This means that, if asymmetries in stock and bond log returns are assumed equal to zero, implying w AV = 0, then all investors hold the same composition of stock and bond that is determined by the mean-variance efficient portfolio, and therefore the bond/stock allocation ratio in the optimal portfolio will be invariant to the investor's attitude towards risk. This shows in our static setting that the non-normality of at least one of the asset log returns is a necessary condition for explaining the asset allocation puzzle pioneered by Canner et al. (1997) . The multivariate extended skew-normal assumption for the unconditional distribution of log returns then provides an ideal building block for revisiting this asset allocation puzzle in a static setting. For T ≥ 1, let r t (T ) denotes the vector of log returns over the period from t − T to t. We have
The aggregate process z 0,t (T ) has a nontrivial distribution. Its cumulant-generating function is equal to T times the cumulant-generating function of z 0,t . We exploit this property to approximate the distribution of z 0,t (T ) with a truncated normal distribution as follows:
where ν (T ) > 0 and ε 0,t (T ) has a standard normal distribution truncated from below at −τ (T ).
We then solve for the values of d (T ), ν (T ) and τ (T ) so that the mean, the variance and the nth cumulant are matched, with n = 3 or n = 4. Formally, d (T ), ν (T ) and τ (T ) are solutions to the
and where φ (x) and Φ (x) are respectively the standard normal probability and cumulative distribution functions. More precisely, the functions ξ j (x) , j = 1, 2, . . . are the jth order derivatives of the function ξ 0 (x) = ln Φ (x) and can be computed recursively, such as shown in equation (A.4) for the first five derivatives.
Given the homoscedastic vector autoregression formulation in equation (1), the unconditional distribution of the k-dimensional vector process z t can be derived as a multivariate gaussian distribution with mean zero and autocovariance matrices Γ z (j) , j = 0, 1, 2, . . . given by
and where Id k denotes the k × k identity matrix. It follows that the aggregate process z t (T ) is a k-dimensional vector gaussian process with mean zero and covariance matrix given by
. . , k denote the diagonal elements of the matrix Ω z (T ), and let Ψ (T )
denote the correlation matrix associated with the covariance matrix Ω z (T ).
It follows that T -period log returns on assets may be written
where ε 0,t (T ) is the common shock that has a standard normal distribution truncated from below at −τ (T ), and the vector of assets' specific shocks ε t (T ) = (ε 1,t (T ) , ε 2,t (T ) , . . . , ε k,t (T )) is a k-dimensional normal random variable with standardized marginals, independent of ε 0,t (T ), with the correlation matrix Ψ (T ), and where the horizon-dependent coefficients in (2) are given by
In the paper, we focus on the period from date 0 to date T without loss of generality, setting t = T in equation (A.7). For ease of readability, we also use short-hand notations r i,T , µ i , σ i , δ i , Ψ and 
Parameters d(T) d(T)-ν(T)τ(T) -Tτ
Panel A1 plots the kurtosis of z0,t (T ) and the kurtosis of its truncated normal approximation, and Panels A2 and A3 show the parameters of the truncated normal approximation that are solved to match the mean, the variance and the third cumulant. Similarly, Panel B1 plots the skewness of z0,t (T ) and the skewness of its truncated normal approximation, and Panels B2 and B3 show the parameters of the truncated normal approximation that are solved to match the mean, the variance and the fourth cumulant. All quantities are plotted against the horizon T and τ = −4. 
A.2 Log Certainty Equivalent Recursion and Optimal Allocation Policy
Recalling that r F,T = ln R F,T and η = ln (R), we have
(A.9)
Observing that
we show that
corresponds to the payoff of a European put option on the fund log return, with strike equal to its endogenous threshold of disappointment.
Substituting out equation (A.11) in equation (8) and solving for U (R), we arrive at
. (A.12)
Simplifying both sides and taking logs, we get A.13) which finally leads to equation (9), which also defines an implicit function
If an optimal allocation policy does exist, then it satisfies the necessary condition
Implicit differentiation of equation (A.14) implies that
where G 1 is the partial derivative of G with respect to its first argument and G 2 is the partial derivative of G with respect to its second argument. Finally,
Computing G 1 (w, η) from (A.15), we have (A.19) where c > 0 is given by equation (11) 
We also have that
which substituting out into the last form of (A.19) yields
(A.24)
Finally, the necessary condition for an optimal allocation policy, G 1 (w, η) = 0, implies that
A.3 Solution under Skew-Normal Asset Log Returns
We show that for u ∈ R and v ∈ R k , we have
where λ i = σ i 1 − δ 2 i for i = 1, 2, . . . , k and Λ = Diag (λ 1 , λ 2 , . . . , λ k ) is a diagonal matrix with specified diagonal elements. It follows that, similar to individual assets, the fund log return may be written as in equation (14) with parameters defined in equation (15).
Letψ (u, v) denote the correlation between the variables ε F,T andε T (u, v). We havē
Also letρ (u, v) denote the following correlation coefficient
In order to compute expectations under the manager's regular risk-adjusted density, H T , and downside risk-adjusted density, D T , we make use of the following lemma.
Lemma A.1 Let
where the variable ε 0 has a standard normal distribution truncated from below at −τ , and ε 1 and ε 2 are two standard normal variables independent of ε 0 with correlation coefficient ψ, and let's consider the correlation coefficient ρ = δ 1 δ 2 + ψ 1 − δ 2 1 1 − δ 2 2 . Then, we have
where φ (·) denotes the standard normal probability distribution function, Φ (·) denotes the standard normal cumulative distribution function, and Φ 2 (·, ·; c) denotes the cumulative distribution function of the bivariate standard normal distribution with correlation coefficient c.
The proof of Lemma A.1 is trivial but necessitates a few algebraic steps. It exploits the independence between the bivariate normal and the truncated normal in expressing the bivariate extended skew-normal, and makes use of the law of iterated expectation by first conditioning on the truncated normal.
We now consider the function M (u, v; x) defined by
By applying Lemma A.1, we show that
The partial derivative of M (u, v; x) with respect to y ∈ {u, v} can easily be computed from the Leibniz integral rule and the fundamental theorem of calculus. Let
We have .36) and also
(A.37)
In the following, we use the fact that:
Observe that we have
and where we have used the facts that p (−α, 0; +∞) = +∞ and q (−α, 0) = τ − αa F .
Also observe that the downside risk-adjusted and the physical disappointment probabilities are given by .42) and where η is the solution to the equation
(A.45)
Substituting out equations (A.39) and (A.44) into equation (A.26), then (A.25) , and solving for the optimal allocation policy w, after some algebra we arrive at equation (16), where
The sensitivity of the manager's objective to the put option payoff, defined in equation (11) obtains as
Finally, the loss probability, the fund expected shortfall and the vector of asset marginal expected shortfalls are respectively defined by
and given by .49) where
The corresponding upside potentials are also given by .52) where 
